We investigate the approximate bound state solutions of the Schrödinger equation for the PT-/non-PT-symmetric and non Hermitian Hellmann potential. Exact energy eigenvalues and corresponding normalized wave functions are obtained. Numerical values of energy eigenvalues for the bound states are compared with the ones obtained before. Scattering state solutions are also studied. Phase shifts of the potential are written in terms of the angular momentum quantum number ℓ.
INTRODUCTION
PT-symmetric quantum mechanics has been widely studied in recent years. The usual form of quantum mechanics has the Hamiltonian defining symmetries of the system is Hermitian. However for PT-symmetric case, it has real spectra although it is not Hermitian. Bender and Boettcher [1] studied this case. Later many authors studied PT-symmetric and non-Hermitian cases having real and/or complex eigenvalues [2] [3] [4] [5] [6] [7] [8] [9] [10] .
The Hellmann potential
with b > 0 was first proposed by Hellmann [11, 12] (then called as the 'Hellmann potential' independently of the sign of b) which has many applications in atomic physics and condensed physics [13] . The Hellmann potential has been used as a potential model to calculate the electronic wave functions of metals and semiconductors [14] . Many authors have studied the electroncore [15] [16] [17] and electron-ion [8] interactions by using this potential. In Ref. [19] , it has been proposed that the Hellmann potential is a suitable ground for study of inner-shell ionization problems. The present potential could be used as a potential model for the alkali hydride molecules [20] . Energy eigenvalues of the Hellmann potential have recently been studied by various authors with the help of different methods such as 1/N expansion method [21] , shifted large-N expansion method [22] , the method of potential envelopes [23] , the J -matrix approach [24] and the generalized NikiforovUvarov method [25, 26] . In the present work, we solve the Shrödinger-Hellmann problem in terms of the hypergeometric functions by using an approximation instead of the centrifugal term. We extend also the computation including the solutions of the Hellmann-like potential having the form
which can be written in a PT-symmetric form and the energy spectra and eigenfunctions of PT-/non-PT-and non-Hermitian Hellmann potential are obtained with any angular momentum. Scattering state solutions are also studied. Phase shifts of the potential are written in terms of the angular momentum quantum number ℓ. The organization of this work is as follows. In Section 2, we find the approximate energy eigenvalues and the corresponding normalized wave functions of the Hellmann potential. In Section 3, we obtain the phase shifts of the potential under consideration in terms of the quantum number ℓ. We give our conclusions in last section.
BOUND STATES i. Radial Solutions
The radial part of the Schrödinger equation (SE) [27] 
where (r) = R(r)/r, ℓ is the angular momentum quantum number, m is the particle mass moving in the potential field V (r) and E is the nonrelativistic energy of particle. Using the following approximation instead of the centrifugal term
inserting Eq. (1) 
Taking a trial wave function as
and inserting into Eq. (5), we obtain
where
Comparing Eq. (7) with the hypergeometric equation of the following form [29] 
we find the solution of Eq. (7) as the hypergeometric function
with
2 (E + bλ) . The total wave functions in Eq. (6) are given as
where is normalization constant and will be calculated below. When either a ′ or b ′ equals to a negative integer −n, the hypergeometric function ψ(u) can give a finite solution form. This gives us a polynomial of degree n in Eq. (11) and from the following quantum condition
the energy eigenvalue becomes
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The numerical results obtained from last equation are listed in Table I . We also compare them with the ones given in two different papers. They are in agreement with those of the previous results where we should also stress that our results are consistent with the ones given in Ref. [25] . Eq. (16) gives the wave functions as
where the normalization constant is obtained from
We use the following representation of the hypergeometric functions [29]
By using the following identity
we obtain the normalization constant as
For the completeness, we give the energy eigenvalues of the Coulomb potential which corresponds to the case where b = 0. We write the energy levels of this potential from Eq. (17) as (λ = 0, ħ h = 1)
ii. PT-Symmetric Solutions Inserting Eq. (2) into the following one-dimensional SE [27]
using the following approximation instead of 1/x in the potential (see, Fig. 1 )
and taking a new variable as u = 1/(1 − e −λx ) we obtain
Defining the wave function as
and following the same procedure in the above we get
The solution of Eq. (28) and the total function is given as, respectively,
The energy eigenvalues are written as
where A = 2m/λħ h 2 .
iii. Non-Hermitian PT-Symmetric Form
Changing the potential parameters as a → ia, b → i b, β → iβ in Eq. (2), the potential satisfies
which shows that we obtain non-Hermitian PT-symmetric form of the Hellmannlike potential. Inserting Eq. (37) into Eq. (24) and using the variable u
Following the same steps, we obtain the wave function for the non-Hermitian PT-symmetric Hellmann-like potential
and the energy spectrum as
(42)
iv. Non-Hermitian Non-PT-Symmetric Form
Case 1: a and b real, λ → iλ In this case the potential satisfies [V (x)] * = V (x) so it has a non-Hermitian non-PT-symmetric form given as
Using the variable u = [1 − e −iλx ] −1 , we obtain
Following the same steps, we obtain the wave function for the non-Hermitian non-PT-symmetric Hellmann-like potential
Case 2: β real, a → ia and b → i b By using the variable t = 1/(1−e −β x ) we obtain the following in the present case V (x) = −iaλ 1
Using the variable u = [1 − e −λx ] −1 , we obtain
Following the same steps as in the above section we obtain the wave function as
(54)
We now study the scattering state solutions of the Hellmann potential in the next section.
SCATTERING STATES AND PHASE SHIFTS
In order to obtain the scattering state solutions we choose the variable as t = 1 − e −λr in Eq. (3) and we get the following equation in terms of t
where −ε = E/λ. By using a trial wave function as
By using the following abbreviations
Its solution is given by
where the parameters satisfy the followings
which are used in determination of the phase shifts. By using the following equality of the hypergeometric functions [30]
and 2 F 1 (a ′′ , b ′′ ; c ′′ ; 0) = 1, we write the solution of Eq. (61) in the limit of
. (65) Defining the following
and also with the help of Eq. (63)
Eq. (65) becomes
We write the total wave function wi the help of this result as
Comparing this result with the boundary condition of the scattering state wave function as u(r → ∞) → 2sin kr − π 2 ℓ + δ ℓ , we obtain the phase shifts as
It is seen that the phase shifts of the Hellmann potential can be produced by using the behavior of the hypergeometric functions at infinity and they are dependent on the energy of the particle.
CONCLUSION
We have solved the Schrödinger equation for PT-/non-PT-symmetric and nonHermitian Hellmann potential for any angular momentum. The normalized wave functions are obtained in terms of the hypergeometric functions by using an approximation instead of the centrifugal term. We have calculated energy eigenvalue. Its numerical values for the bound states are listed in Table I . They are compared with those of the previous results. We have seen that our results are in good agreement especially for smaller parameter values. The energy eigenvalue for the Coulomb potential is obtained by setting potential parameters. Finally, we have studied the scattering state solutions of the Hellmann potential and obtained the phase shifts in terms of the angular momentum quantum number ℓ. 
